We have developed an analytical formulation to calculate the plasmon dispersion relation for a two-dimensional layer which is encapsulated within a narrow spatial gap between two bulk halfspace plasmas. This is based on a solution of the inverse dielectric function integral equation within the random-phase approximation (RPA). We take into account the nonlocality of the plasmon dispersion relation for both gapped and gapless graphene as the sandwiched two-dimensional (2D) semiconductor plasma. The associated nonlocal graphene plasmon spectrum coupled to the "sandwich" system is exhibited in density plots, which show a linear mode and a pair of depolarization modes shifted from the bulk plasma frequency.
I. INTRODUCTION
The properties of high-quality graphene encapsulated between two films such as hexagonal boron-nitride are just beginning to be explored and have now become an active area of research due to recent advances in device fabrication techniques [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Interest in the optical properties of these heterostructures has been focused on their unusual plasmonic behavior including their spatial dispersion and damping. This hybrid system may be employed for tailoring novel metamaterials. Additionally, this fabrication technique provides a clean environment for graphene. This brand new area of nanoscience not only poses challenges for experimentalists, but also for theoreticians seeking to formulate a theory for a model system. Although there already exists a copious literature on graphene on a single substrate [11] [12] [13] [14] [15] [16] [17] [18] , this study shows that encapsulated graphene is vastly different in many ways.
The model we use in this paper consists of two identical semi-infinite metallic plasmas with planar boundaries at z = ±a/2. Within the spatial separation between the two bulk conducting plasmas (|z| < a/2) is inserted a 2D monolayer graphene sheet at z = 0, shown schematically in Fig. 1 . The natural first step in our calculations of the plasmon excitation spectrum is to set up and solve the random-phase approximation (RPA) integral equation for the inverse dielectric screening function of this hybrid system. We have solved this equation analytically in position representation for a narrow spatial gap between the bulk half-space plasmas, obtaining a closed-form formula for the inverse dielectric function in terms of the nonlocal polarizability for graphene and the bulk metallic polarizability, for which the latter is well approximated by the hydrodynamical model. Based on this newly derived formula, we have calculated the nonlocal plasmon dispersion relation numerically, considering both gapped and gapless graphene as the two-dimensional (2D) semiconductor plasma. The resulting nonlocal graphene plasmon spectra coupled to the "sandwich" system are exhibited in density plots, which show a linear mode and a pair of depolarization modes shifted from the bulk plasma frequency.
Hexagonal boron nitride has been the main substrate material that facilitates graphene based devices to exhibit micrometer-scale ballistic transport. The recent work of Kretinin, et al. [10] has shown that other atomically flat crystals may also be employed as substrates for making high-quality graphene heterostructures. Alternative substrates for encapsulating graphene include molybdenum and tungsten disulfides which have been found to exhibit consistently high carrier mobilities of about 6 × 10 4 cm 2 V −1 s −1 . On the other hand, when graphene is encapsulated with atomically flat layered oxides such as mica, bismuth strontium calcium copper oxide, or vanadium pentoxide, the result is remarkably low quality graphene with mobilities of about 10 3 cm 2 V −1 s −1 . This difference is due mainly to self-cleansing which occurs at interfaces between graphene, hexagonal boron nitride, and transition metal dichalcogenides. In our model calculations, we allow for the possibility that the substrate may affect the energy band structure of graphene by opening a gap in the energy band.
We compare the resulting calculated plasmon spectra for encapsulated gapless and gapped graphene.
The work of Chuang, et al. [19] is a study of the graphene-like high mobility for p-and n-doped WSe 2 . Electron transport in the junction between two 2D materials M oS 2 and graphene have also been reported recently, showing how spatial confinement can influence physical properties [20] . Mobility, transconductance and carrier inhomogeniety experiments have also been reported in [21] [22] [23] [24] for monolayer and bilayer graphene fabricated on hexagonal BN as well as mica based substrates.
The outline of the rest of our paper is as follows. In Sec. II, we give details of our calculation of the inverse dielectric function for a 2D layer sandwiched between two conducting substrates whose separation is very small. We explicitly derive the plasma dispersion equation when the thick substrate layers may be treated in the hydrodynamical model. The 2D
RPA ring diagram polarization function for graphene at arbitrary temperature is employed in the dispersion equation. A careful determination of the plasmon spectra for a range of energy gap and carrier doping values is reported in Sec. III. We conclude with a discussion of the highlights of our calculations in Sec. IV.
II. THEORETICAL FORMULATION
We consider two identical semi-infinite conductors on either side of a 2D semiconductor layer ( Fig. 1) . One of the conductors extends from z = −a/2 to z = −∞ while the other conductor has its surface at z = a/2 and extends to z = ∞. The 2D layer lies in a plane mid-way between the two conductors at z = 0 in the gap region |z| < a/2. The inverse dielectric function satisfies 
where
is the bulk infinite space symmetric conducting medium inverse dielectric function and
which definesα 2D (q , ω) in terms of the 2D ring diagram Π
2D (q , ω). For a narrow gap between the two identical half-space slabs, i.e., q a 1, the gap polarizability is given by
Employing Eqs. (2) and (3) in Eq.
(1), we have
and
Setting z 1 = 0 in the equation relating K(0, z 2 ) to K(z 1 , z 2 ) above, we may solve for K(0, z 2 ) and then obtain
so that the plasma excitation frequencies are determined by solving for the zeros of
Expressing Eq. (4) in terms of the Fourier transform of K ∞ (z 1 − z ), we obtain
Using the hydrodynamical model for nonlocality of the conducting substrate [25, 26] , we
, where ω p is the local bulk metallic plasma frequency, β is an adjustable parameter which mabe adjusted to give the correct dispersive shift of the bulk plasma frequency, i.e., β 2 = 3v
is the bulk Fermi velocity of the conducting substrate). This approximation leads to the dispersion equation which, after performing the p z integrations, we obtain
The 2D RPA ring diagram polarization function for graphene with a gap ∆ may be expressed as
where s, s are band indices, g = 4 accounts for both spin and valley degeneracies and k is the band energy. Since we limit our considerations to zero temperature, T = 0, the Fermi-Dirac distribution function is reduced to the Heaviside step function f ( , µ;
and we use the results of Refs. [27, 28] .
III. NUMERICAL RESULTS AND DISCUSSION
In the figures, we present calculated results for the nonlocal plasmon excitations of encapsulated gapless and gapped graphene. As we demonstrated in previous work [11, 12] , the hybrid plasmon modes and their damping are mainly determined by the doping concentration, i.e., the chemical potential µ, along with the energy bandgap ∆. Consequently,
we have paid particular attention in our numerical investigations to the various regimes of the ratio ∆/µ. In Fig. 2 , we exhibit results for gapless graphene. clearly demonstrated in Fig.2 . It is noteworthy that both bulk plasmon modes start from ω p , not from ω p / √ 2 as we previously observed in the case of a single conducting substrate.
The presence of a bandgap in the graphene energy spectrum leads to interesting features.
First, a finite energy gap modifies the location of each single-particle excitation region. It is especially unusual to observe the extension of the upper plasmon branches, which are understood to arise from a semi-infinite substrate. It is also apparent that the acoustic mode is broken into two separate undamped parts located between the two distinct singleparticle excitation regions, as has been previously reported for free-standing gapped graphene In the matter of experimental realization of our results, it is necessary to achieve a situation in which the surface plasmons are not Landau damped, i.e., the corresponding branches are located outside of the upper inter-band part of the single-particle excitation spectrum.
Accordingly, the frequency of the surface plasmon mode should be comparable with the Fermi energy in graphene, as well as with the corresponding q 1/2 -2D-graphene plasmon energy. Only if this condition is satisfied will it be possible to observe the strong plasmon coupling we have reported here. Therefore, one must ensure that the bulk plasmon frequency is in the range of ∼ .1 eV and below [29] . Ref [29] is an experimental paper on Bi 2 Se 3 which is a heavily doped topological insulator, where the surface plasmon energy was found to be around 0.1 eV . Evidence of mutual interaction between the surface plasmon and the Dirac plasmon of Bi 2 Se 3 has been provided by using high-resolution electron energy loss spectroscopy. Additionally, at a graphene/Bi 2 Se 3 interface, which was recently experimentally realized by Kepaptsoglou, et al. [30] , the surface plasmon of Bi 2 Se 3 is hybridized with acoustic plasmons in graphene. In this vein, the Fermi energy of free-standing graphene corresponding to an electron density n = 10 16 m −2 is E F = v F √ πn = 0.12 eV , so the two quantities are of the same order of magnitude.
IV. CONCLUDING REMARKS
In this paper, we have investigated the properties of the plasmon spectra for a heterostructure consisting of a pair of identical semi-infinite conductors and a 2D graphene layer sandwiched between them. Our formulation is suitable when the separation between the two semi-infinite bulk conducting materials is small compared to the inverse Fermi wave number in graphene, and the whole system is symmetric in the z−direction perpendicular to the 2D layer.
We have obtained the plasmon dispersion relations for this encapsulated graphene system for both zero and finite energy bandgap and for various values of the chemical potential.
In each case, we clearly obtain three hybridized plasmon modes, one of which (the acoustic branch) starts from the origin and is attributed primarily to the graphene layer and the other two modes originating at ω = ω p are considered as optical plasmons. This situation is novel and has not been encountered previously in a system involving a 2D layer with a single semi-infinite conductor. Each of the branches exhibits a specific behavior depending on the chemical potential and consists of various undamped parts which are determined by the energy bandgap and its ratio to the doping parameter, as discussed above.
The low-frequency branch has a linear dispersion at long wavelengths and becomes damped by the intra-band and inter-band particle-hole modes as wave vector is increased.
There are two bulk plasmon branches which are depolarization shifted by the Coulomb interaction. In this regard, the results demonstrate that there is almost no dependence on the distance a between the two substrates as long as the condition a k
F is satisfied. Moreover, there is no evidence of critical damping of the acoustic plasmon branch in the long wavelength limit (q → 0), as was found in the previous comparative study of a monolayer of graphene interacting with a single conducting substrate [11] . Furthermore, some crucial properties of the plasmons in free-standing graphene with an energy bandgap, such as extension of the undamped branch and its separation into the two parts for intermediate energy gap ∆ 0.22µ, are also present in our results.
In summary, we have developed a new analytical model and obtained a complete set of numerical results for a two-dimensional layer (graphene) surrounded by two identical thick conducting substrates. While our previous work [11] confirmed and offered an adequate theoretical explanation for recent experimental findings [14] [15] [16] [17] , this paper is expected to predict the correct plasmon behavior of the totally realistic and novel situation of encapsulated graphene, which is now being very actively studied experimentally [31, 32] . Hybridized plasmon modes of a graphene-based nanoscale system are at the focus of significant interest in the current fields of technology and applications. The authors of [5] report evidence of the formation of electron-hole puddles for encapsulated graphene by hexagonal BN. This is an interesting effect which was not taken into account in our model calculations. These localization effects will be investigated in future work by including a concentration of impurities and defects in interaction with the 2D layer and two substrates. The role of impurities is expected to be modest at low concentration. An increase in the concentration of the impurities will lead to a decrease in the electron correlations. The Green's function and consequently will, in this case, be expressible by vertex corrections by the usual rules of field
